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Summary: 

 

The objective of this paper is to examine the possibility of a simple fluid-mechanics 
treatment of rapid dense granular flows. In other words, we examine whether the 
constitutive equation can be sought in a simple relationship between the strain-rate and 
stress tensors. With this aim, we first show that an inclined channel is an appropriate 
device for providing rheological data. Here we provide a complete rheometrical treatment, 
which allows to infer the shear-stress/ shear-rate curve (for simple shear flows) from the 
flow-depth/ mass-flow-rate curve. Experiments performed with glass beads and sand grains 
revealed an apparent decrease in the shear stress with increasing shear rate. We then 
demonstrate that this result, although paradoxical, is not unphysical. Moreover more 
detailed theoretical analysis shows that the main issues raised by our experiments may be 
overcome by “microstructural” models. We finally give two examples of models including a 
single microstructural parameter, which are able to qualitatively account for the main 
features of our experiments.  

 

 

Key-words: granular flow, constitutive equation, simple fluid, friction, collision, 

plasticity 
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1. Introduction 

A large range of flows encountered in industry and nature involve highly concentrated 

mixtures of discrete solid grains and an interstitial fluid (generally water or air). By ‘dense 

granular flow’, we refer to any flow involving rapid and very large deformations of bulk 

solid mixtures, made up of non-colloidal particles and whose solid fraction (volume of 

solids per unit bulk volume) approaches the maximum packing concentration. Examples in 

the area of geophysics include rockfalls [1], some rapid landslides and (stony) debris flows 

[2]; in addition, flowing avalanches are sometimes considered as granular flows [3, 4]. In 

industry, we might quote some technological problems related to processing, transport, and 

handling of various materials (grains, cereals, sand, coal, pharmaceutical pills, ceramics, 

etc.) [5]. An understanding of the dynamics of dense granular flows is of great interest in 

view of their practical importance, but unfortunately it is far from being complete despite 

numerous investigations. For instance, as far as we know, no theoretical model is able to 

correctly predict the macroscopic characteristics (such as depth/ mass-flow-rate relations) of 

dense granular flows in various flow situations. 

Here we examine the possibility of a fluid-mechanics treatment for dense granular flows. 

In other words, we shall attempt to determine whether a granular flow can be described 

using a simple constitutive equation, namely a relationship between the stress and strain-

rate tensors. First, we intend to experimentally deduce the form of the constitutive equation. 

To this end, we show in the first section that an inclined open channel constitutes an 

appropriate device for studying dense granular flows and providing rheological data: we 

demonstrate how some components of the stress and strain-rate tensors can be derived as 

soon as the discharge equation (namely the relation between the flow rate and the flow 

depth) is established. In this demonstration, we restrict our attention to the case of isochoric 

flows. A second section presents the experimental device used for studying flows of glass 

beads or sand; some peculiarities of gravity-driven flows of particles are also mentioned. A 

third section discusses the results of our fluid-mechanics treatment and examines the 

assumptions underlying our experimental method. Finally, in the last section, we examine 

the possibility of a fluid-mechanics treatment from a theoretical point of view and in 

particular, we show that “microstructural” models are able to account for our main 

experimental results. 
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2. An inclined open channel as a rheometric device 

Here we shall consider that, for dense granular flows, the constitutive equation may be 

written in terms of a simple relationship between strain-rate and stress tensors. We rapidly 

recall the mathematical formulation of constitutive equations (for fluids) within the 

framework of rational mechanics. Then we show that for the so-called simple fluids, some 

general properties of the constitutive equation can serve to directly deduce the equation 

from experiments. 

 

2.1. General form of the constitutive equation for simple fluids 
The central point of our fluid-mechanics treatment is that we assume the constitutive 

equation (for granular flows) to take the following simple form: 

(1)   ( )F=Σ D  

where D is the strain-rate tensor, ΣΣΣΣ the stress tensor and F denotes an isotropic functional, 

which embodies the dependence of the stresses on the history of the relative deformation. 

Several crucial assumptions justify such a formulation [6]: 

1. The principles of determinism and local action can be applied. 

2. The material is a continuum. 

3. The material is homogeneous and isotropic. 

The stress tensor may be written without restriction as the sum of a spherical tensor and an 

extra-stress tensor T=G(D) [6-8]: 

(2)   ΣΣΣΣ=F(D)=-p1+T 

where 1 denotes the identity tensor, p is a scalar quantity referred to as ‘pressure’ and G is 

the extra-stress (isotropic) functional. Two complementary classes of materials can be 

represented by the relation (2) [6]. The first class corresponds to compressible materials, for 

which the pressure is defined thermodynamically (using the free energy). The second class 

includes incompressible materials, for which the pressure is indeterminate and is found by 

solving motion equations. In this last case, in order to remove the non-uniqueness of G (due 

to the indeterminate pressure), the following convention is usual: trT=0 [7]. In the 

following, we shall assume that any dense granular flow is isochoric. 
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2.2. Curvilinear flow down an inclined plane 

The only information (but not the least important) that we can exploit from the simple 

generic form (2) is that ΣΣΣΣ (or T) and D must be co-axial (i.e. both tensors have the same 

orthogonal eigenvectors). To pursue our investigations, we focus our attention on a peculiar 

class of flows. Let us consider a flow down an infinite plane inclined at an angle θ to the 

horizontal (see Fig. 1). In practice, we shall see in the next section that the assumption of an 

infinite plane leads to a good approximation of flows down inclined channels of finite 

dimensions. Provided that this gravity-driven flow is uniform (i.e. the flow depth is 

constant) and steady (time is not an explicit variable), it is generally expected that the flow 

is rectilinear (in the reference text of Coleman et al. [7], the authors preferred to use 

‘curvilinear’).  In other words here, in the Cartesian coordinate system R(x,y,z) of Figure 1, 

the components of the velocity field v(x) have the following form: 

(3)  vx=u(y), vy=0, vz=0 

In addition, we assume that slip can occur at the bottom: 

(4)  u(0)=ug 

On account of the velocity field (3), the matrix of the components of the strain-rate 

tensor D may be written in the Cartesian coordinate system R as follows: 

(5)  
0 1 0

D 1 0 0
2

0 0 0

γ
� �
� �=
� �
� �� �

�
 

where the shear rate γ�  may be expressed as a function of y and implicitely of the channel 

slope θ: 

(6)  u
y θ

∂γ
∂

� �= � �
� �

�  

 

2.3. General form of stress-tensor components 
We are looking for the simplest general form of the stress-tensor components for a 

curvilinear flow. In the coordinate system R, the components of the stress tensor may be 

written: 



6 

(7)  
xx xy xz xx xy xz

xy yy yz xy yy yz

xz yz zz xz yz zz

p
p

p

� � � �Σ Σ Σ Τ − Τ Τ
� � � �= Σ Σ Σ = Τ Τ − Τ� � � �
� � � �Σ Σ Σ Τ Τ Τ −� � � �

ΣΣΣΣ  

Since the components of tensor D only depend on γ� , this holds true for the extra-stress-

tensor components (owing to the definition (2)). Accordingly, we introduce the shear-stress 

function τ: 

(8)  ( )xy xy γΣ = Τ = τ �  

On the basis of stability considerations [7, 8], it may be shown that τ must be a continuous, 

positive, strictly increasing function of the shear rate and hence has an inverse, which we 

call the shear-rate function: 

(9)  ( )fγ τ=�  

Moreover, it may be shown that for a curvilinear flow, the stress tensor components must 

also verify [7]: 

(10)  0zy zyΣ = Τ =  

(11)  11 33 1( )σ γΣ − Σ = �  

(12)  22 33 2( )σ γΣ − Σ = �  

where σ1 and σ2 are only function of the shear rate. 

 

2.4. Examination of the momentum equations 
The momentum balance may be written as: 

(13)  d div
d t

ρ ρ= +v g ΣΣΣΣ  

where ρ and g respectively denote the material density and the gravitational acceleration. 

Since for steady rectilinear flows, the acceleration vanishes and the components of T 

depend on y alone, the motion equations reduce to: 

(14)  0 sinxyT p g
y x

ρ θ
∂ ∂= − +
∂ ∂

 

(15)  0 cosyyT p g
y y

ρ θ
∂ ∂= − −
∂ ∂

 

(16)  0 p
z

∂
∂

=  
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It follows from (16) that p is independent of z, in other words, there is a function p such 

that: 

(17)  p=p(x,y) 

Accordingly, the equations (17) and (15) imply that p must write: 

(18)  ( , ) ( ) cos ( )yyp x y T y gy a xρ θ= − +  

where a(x) is a function of x. The equations (14) and (18) yield: 

(19)  ( sin )xy
aT gy

y x
ρ θ∂ ∂+ =

∂ ∂
 

This is possible only if both terms of this equation are equal to a function of z, which we 

denote b(z). Moreover, the equation (16) implies that b(z) is actually independent of z, thus, 

in the following we shall note: b(z)=b. The solutions to Eq. (19) are: 

(20)  a(x)=bx+c 

(21)  sin 'xyT gy by cρ θ+ = +  

where c and c’ are some constants, which we shall determine. To that end, let us consider 

the free surface: it is reasonable and usual to assume that air friction is negligible. Thereby, 

the stress continuity at the interface implies that the air pressure p0 exerted on an 

elementary surface at y=h (oriented by ey) must be equal to the stress exerted by the fluid. 

Henceforth, the boundary conditions at the free surface may be expressed: 

(22)  0 y yp− =e eΣΣΣΣ ,  

which, using Eq. (7), implies that:  

(23)  Txy(h)=0 

(24)  0 ( , ) T ( )yyp p x h h= −  

Using Eq. (23), we obtain: 

(25)  ' ( sin )c h b gρ θ= − −  

Likewise, using Eq. (18) (for y=h) and (24), we obtain: 

(26)  0a( ) cosx p ghρ θ= +  

Accordingly, a(x) is independent of x (in other words b=0) and making use of Eq. (21) and 

(25), one obtains: 

(27)  sin ( )xyT g h yρ θ= −  
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It is worth noticing that the shear stress has been completely determined without 

knowing the constitutive relation. In the following, we shall use this property to derive the 

form of the shear-rate function from the discharge equation (relation between the flow rate 

and the flow depth).  

 

2.5. Derivation of the constitutive equation 

With this view, let us consider the flow rate (per unit width); it is defined as a function of 

h and θ: 

(28)  
0

q ( , ) u( )
h

v h y dyθ = �  

An integration by parts leads to: 

(29)  [ ]0
0

uq ( , ) ( ) u( ) ( ) d
h

h
v h y h y h y y

y θ

∂θ
∂

� �= − + − � �
� �

�  

In this equality, the first expression of the right-hand term is hug owing to the slip 

condition at the bottom (4). Making use of Eq. (6), (9) and (29) gives:  

(30)  ( )
0

q ( , ) ( ) f sin ( ) d
h

v gh h h y g h y yθ ρ θ= + − −�u  

By making the variable change: υ=h-y, we also obtain: 

(31)  ( )
0

q ( , ) f sin d
h

v gh g hθ υ ρ θυ υ= +� u  

Thus the partial derivative of qv with respect to h (at a given channel slope θ) is: 

(32)  q f( sin ) gv
gh gh h

h hθ θ

∂∂ ρ θ
∂ ∂

� �� � = + +� � � �
� � � �

u
u  

We call τp the shear stress at the bottom (y=0):  

(33) p singhτ ρ θ= .  

The equation (32) is equivalent to: 

(34)  p
1 qf( ) g gv

h h h hθ θ

∂∂τ
∂ ∂

� �� �= − −� � � �
� � � �

u u
 

In the case (often encountered) of no-slip, this expression reduces to: 
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(35)  1( ) v
p

qf
h h θ

τ ∂� �= � �∂� �
 

This equation means that for a rectilinear flow down an inclined open channel, we are able 

to deduce the local behaviour from the bulk behaviour, given here by the discharge 

equation. It is worth noticing that this expression is very general and holds for any isochoric 

flow (down an open inclined channel) of materials, whose constitutive equation is in the 

form given by Eq. (1). Application of Eq. (34) amounts to using an inclined channel as a 

rheometer (see also [9]; this method has been already used for kaolin-water mixtures, and 

was successfully compared with independent rheometrical tests [10]). 

 

3. Experimental results 

3.1. Experimental apparatus and procedure 

Experiments were performed with glass beads and sand grains (see characteristics in 

Table I). For the tests, we used a 2 m long and 2.5 cm wide PVC channel, fed via a hopper 

located at the upper channel entrance in a similar way to Johnson [11] or Patton [12]. The 

channel slope (θ) ranged from 0 to 40°. 

Two macroscopic quantities can readily be controlled and measured: the mass flow rate 

per unit width (q) and the flow depth (h). The mass flow rate q was controlled by the hopper 

gate and ranged from 0 to 7.2 kg/s/m. The flow depth h was measured by ultrasonic sensors 

(Weidmüller LRS 3) using a scanner (Keythley 199) with a 50 Hz sampling rate. The 

maximum uncertainties on mass flow rate, flow depth and slope measurements were 

respectively 4%, 1%, and 0.5%. Within the range of our tests, the flows are assumed to be 

isochoric, and accordingly, one can simply link the mass flow rate (per unit width) q and the 

flow rate (per unit width) qv by: q = ρqv = νρpqv, where ρ denotes the bulk density, ν the 

solid fraction, and ρp the particle density. Here, the solid-fraction value is taken as the mean 

value of solid fractions found for random loose packing of uniform beads [13]: ν=0.6. In 

the following, dimensionless variables will be used: mass flow rate by unit width (Q), depth 

(H), shear stress (Τ) and shear rate (Γ) which are respectively defined as: /Q q d gdρ= , 

/H h d= , /T gdτ ρ= , and /d gγΓ = �  where g denotes the gravity, d the particle 

diameter, τ the shear stress and γ�  the shear rate.  
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 We paid special attention to the roughness of the channel bottom. Indeed, previous 

experimental work has shown that the flow structure depends a great deal on the roughness 

of the bottom: when the bottom is smooth, slip clearly occurs and it is not sure that steady 

uniform flows exist within a large range of channel slopes [11, 14, 15]. On the contrary, if 

the bottom is rough enough, no slip occurs and steady uniform flows can take place over a 

large range of channel slopes [15-18]. Between this two limiting cases, there seems to exist 

a wide range of possible phenomena, including slip, torque transmission, etc., as shown in 

numerical simulations [19, 20] and experiments on shear surface boundaries [21]; this can 

explain the occurrence of slip for rough surfaces as indicated by Johnson et al [11] or Ahn 

et al. [22]. In our case, the roughness was obtained by gluing beads, of which diameter was 

close to the mean particle diameter, onto the surface. Within the range of our experiments, 

no slip has been observed through the transparent sidewalls. In addition, we have also tested 

various roughness types. As shown in Fig.2, in the case of steady uniform flows, the flow 

depth was slightly affected by the roughness type as soon as the mass flow rate exceeded a 

critical value Qc (see also below). 

The experimental procedure consisted in measuring the flow depth for a given slope and 

a given mass flow rate once a steady state was reached. As already reported in the literature 

[11, 17], a steady uniform flow is possible over a wide range of mass flow rates for a 

channel slope in excess of the internal friction angle φ   (see the sketch of Fig. 3). However, 

for slightly more gentle slopes, steady flows (called ‘immature sliding flows’ by Savage 

[23]) take place within a narrow range of mass flow rates while for larger mass flow rates, a 

stationary wedge-shaped layer develops along the channel bottom. When the channel slope 

becomes too steep, the free surface of the flow (called ‘splashing flow’ [23]) is diffuse and 

is characterized by saltation of upper particles. We focused our attention on achieving of 

steady uniform regimes: the flow depth was measured at several places along the channel. 

For channel slopes larger than the internal friction angle, we found that the lengthwise 

profile flow depth varied, but there was still a fairly long part (at least 1 m) for which the 

flow depth was uniform. Except for this part, changes in flow depth were due to the finite 

size of the channel (boundary effect), as with gradually varied flows commonly encountered 

in hydraulics [24]. We also observed that the length of the part of uniform depth 

significantly decreased with increasing slopes (in agreement with [25]). 
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3.2. Experimental results 
For both materials, all couples (Q, H) corresponding to steady uniform flows are 

reported on Figures 4 and 5. For glass beads, data related to immature sliding flows are also 

presented in order to illustrate the flow pattern transition when the channel slope is 

decreased below the internal friction angle. Results for glass beads and sand grains were 

similar except that, for sand, the free surface exhibited significant fluctuations (up to 15% 

of the mean flow depth). Measurements were disturbed by this effect, which is probably due 

to particle shape, size distribution and shear-induced segregation. In the following, we shall 

only analyze typical data obtained with glass beads.  

As shown in Fig. 4, the discharge curves exhibit a notable feature: there is a critical 

value of the (dimensionless) mass flow rate Qc, which marks a significant change in the 

behaviour of steady uniform flows. This is particulary obvious for the extreme values of the 

range of tested slopes: for instance, the flow curve corresponding to the slope θ=28° is 

characterized by a minimum at Qc while the one corresponding to θ=35° is characterized by 

a drastic jump. It is worth noticing that the critical mass flow rate does not depend on the 

bottom roughness within our range of experiments and that the influence of the roughness 

becomes minor provided that the flow rate exceeds the critical value Qc as shown in Fig. 2. 

Concerning the discharge equation, we find that the flow depth is a linear function of the 

mass flow rate as soon as the mass flow rate exceeds the critical value Qc: 

(36)  Q=AHsin5θ 

For glass beads used in our tests, we find: A=390±10. The constant A is also found to 

slightly depend on the roughness This experimental result is in complete agreement with the 

scant data published in the literature [16, 26]. Moreover, from the discharge equation (36), 

we deduce that the mean velocity (defined as Q/H) only depends on channel slope. This 

would be natural if the flow were composed of a plug sliding on a shear band near the 

channel bottom. But, this is not the case since direct observations (through the transparent 

sidewalls) showed that within the range of our experiments, the flow was sheared over its 

whole depth. 
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3.3. Derivation of the constitutive equation 
 

In our context, the relation (36) can directly serve to derive the constitutive equation for 

glass beads. Making use of Eq. (33), (35) and (36) leads to: 

(37)  
6

5 1 sinsin AA
H

θθΓ = =
Τ

 

The formula (37) is applied for the data couples (Q,H) corresponding to steady uniform 

flows. The deduced points (Γ,T) are reported on Fig. 6 in the form of a rheogram (namely 

shear stress versus shear rate).  

 

4. Discussion 

4.1. Analysis of the rheogram 

Normally, it is expected that all the points of the rheogram do collapse onto a single curve, 

which will stand for the constitutive equation in the case of a simple shear flow in a steady 

state. But obviously, this does not hold true in our case. Another noticeable fact is that the 

shear stress decreases for increasing shear rate. Theoretically, as mentioned above (§ 2.3.), 

such a trend conflicts with the (linear) stability criterion of the curvilinear flows [8, 27]. 

However, it is worth noticing that this result is not unphysical. On the one hand, this trend 

is thermodynamically admissible since the stress power P=tr(DΣΣΣΣ)=TΓ is still positive, in 

agreement with the second law of thermodynamics [28]. In addition, theoretical 

considerations and numerical simulations have already revealed an (apparent) decrease in 

the friction with increasing velocity:  

- For instance, the numerical model of Schmittbuhl et al. showed that the velocity 

dependence of the apparent friction is proportional to 1/V2 in the case of two rigid 

blocks with rough surfaces in relative motion the one to the other [29].  

- Moreover a decrease in the rheogram has already been observed for some 

materials, such as polymer melts [30] and concentrated suspensions or dispersions 

[31-35]. In this case, it has been sometimes argued that the existence of an 

apparent minimum in the flow curve is in fact due to wall slip or thixotropic 

effects [30]. Are such arguments possible in our context? Concerning the wall 
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slip, we have paid special attention to obtain a no-slip condition at the bottom wall 

within the range of our experiments (see § 4.2. also). The thixotropy concept is 

rather vague in the case of granular materials: generally, thixotropy is related to 

shear-history effects (for example, a reversible decrease in viscosity when a 

constant shear rate is applied to a sample at rest [36]). As far as we know, the 

rapid granular flows do not exhibit properties typical of history-dependence and 

are not considered as thixotropic materials.  

- The behaviour of highly concentrated suspensions seems to be more closely 

related to granular flows: indeed, various experiments have shown that the flow 

curve seems to have a minimum as soon as the solid fraction approaches the 

maximum solid concentration [34, 35, 37].  

 

If relevant, these results give clear evidence that a fluid-mechanics treatment assuming a 

simple rheological model (in the form of Eq. 1) is not sufficient for free-surface dense 

granular flows. It is interesting to review in more detail the assumptions on which the 

above method relies. 

 

4.2. Examination of the assumptions used in our treatment 
4.2.1. Assumption of isochoric flow 

We have assumed that a dense granular flow is nearly isochoric, even if the granular 

materials are known as dilatant. Our observations (via video-films through the transparent 

sidewalls) crudely confirmed the results obtained by Patton et al. [12]. Patton and co-

workers used an ingenious system, which involved trapping a flow portion. This showed 

that the mean bulk density was constant regardless of the mass flow rate, provided that the 

flow depth exceeded four particle diameters. This is also in agreement with the extensive 

experimental work done by Johnson et al. [11] together with Ishida and Hatano [18]. 

However, some authors have revealed significant variations in bulk density profile [22, 23, 

38]. We suggest in this case that, although not explicitly stated, these authors studied 

immature sliding or splashing flows.  
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4.2.2. Assumption of infinite plane 

Our analysis is based on the assumption that a flow running down a finite inclined 

channel can be treated as a flow along an infinite plane. This seems reasonable as long as 

the finite length effect and the sidewall influence are negligible. Concerning the former 

point, care has been paid to verify the existence of a portion of uniform depth over a 

significant length of the channel. This region is thought not to be disturbed by entrance and 

exit conditions. Concerning the latter point, our own observations of the free surface 

showed that significant slip occurred at the (smooth) sidewalls: using video films of the free 

surface, we estimated that (i) the slip velocity at the sidewall was roughly 2/3 the velocity at 

the channel centre, and (ii) the velocity profile across the channel width was significantly 

influenced by the walls only within a thin layer (the thickness of which was ten times the 

mean diameter of grains). This was in agreement with the Savage’s results on the surface 

velocity profiles [16]. We can point out that anyway, the sidewalls influence cannot explain 

the decrease in the flow curve. Both facts above confirm our assumption of infinite plane. 

 

4.2.3. Assumption of no-slip at the channel bottom 

The velocity at the channel bottom has been considered to be zero in accordance with 

our own observations and previous experimental works. However, several authors have 

emphasized the crucial role of boundary conditions for granular materials and have 

questioned its interpretation in a continuum mechanical treatment or the possibility of a no-

slip condition [19, 20, 39]: for instance, in the Jenkins-Savage kinetic theory [40], the no-

slip condition led to an ill-posed boundary-value problem (see [41]); likewise the boundary 

conditions at the free surface raises some similar problems (see [11] for instance). More 

generally, it is explained that in the immediate vicinity of a solid wall, several effects 

including solid-concentration decrease, torque transmission, impulse distribution, etc. [19, 

20, 39, 42] strongly disturb the flow of particles. We can point out that the problem of 

boundary conditions has overall been addressed from a theoretical or numerical point of 

view, but not experimentally, except by Craig et al. for metal powders in an annular shear 

cell [21].  

Here, in our experimental context, we have performed tests for two different bottom 

surfaces (see Fig. 2). Within the range of our tests (for steady uniform flows), we have 

noted a slight influence of the roughness on the discharge equation (36) but no change in 
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the form of Eq. (36) or in the flow pattern. This could mean that, although the particle 

velocity is zero at the channel bottom, it is necessary to introduce an apparent slip velocity 

in our rheometrical treatment (to account for the roughness-induced effects). To understand 

that, we give the example of concentrated suspensions [43, 44]: in this case, the current 

practice consists in introducing an apparent slip (bulk) velocity, which is extrapolated from 

the (bulk) velocity profile measured far enough from the wall and which is different from 

the particle velocity in the vicinity of the wall. (This is tantamount to reducing the wall 

influence to a boundary layer, for an example of calculation procedure, see [44].) However,  

In summary, the problem of the proper boundary treatment is still confused and, for lack 

of a better understanding of boundary condition, we continue in the following to regard the 

no-slip condition as satisfactory. 

 

4.2.4. Assumption of single-phase continuum 

 

In our treatment, granular materials have been considered as single-phase continua. Here 

it is risky to clearly justify this hypothesis and we shall restrict ourselves to give some 

arguments substantiating our treatment. We can point out that the existence of a free surface 

probably inhibits the creation of an air pressure gradient within the bulk flow and the main 

effect of air is thus due to viscous forces on the particle surface. The detailed picture of 

interstitial fluid effects should include various complicated hydrodynamics interactions [45-

47] (lubricating contact, viscous dissipation due to collisions, etc.). Nonetheless, we suggest 

that without a pressure gradient, the magnitude of hydrodynamic interactions may be given 

by Stokes’ formula; this seems to be a fairly good approximation (see for instance the 

numerical simulations of Cichoki and Hinsen [48]). We evaluate the relative importance of 

viscous forces on the gravity force using the following dimensionless ratio S: 

(38)  
3

2
4

23
6 9

p
p

a a

R g g R
S

R V V

π ρ ρ
π µ µ

= =  

where µa denotes the viscosity of air, V is a typical velocity of particles of density ρp. The 

number S is quite simply Stokes’ number (see below). In our experiments, we found that S 

was greater than 60 and accordingly, this justifies the assumption of single-phase 

continuum. In addition, it can be expected that our experimental results would be sensitive 
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to variations in atmospheric pressure. This effect has been observed for instance by Benarie 

with vane shear tests [49]. This can be readily explained in soil mechanics by considering 

the normal-stress dependence of the shear stress for a granular material under shear. In our 

case, it is expected that a change in air pressure only leads to a change in the magnitude of 

shear stress and accordingly does not imply any qualitative change of the flow pattern. 

 

5. Further theoretical considerations 

 

5.1. Do the experimental results lead to a paradox? 
Our simple experimental method questions the possibility of a fluid-mechanics treatment 

for dense granular flows. What conclusion should be drawn from this apparent failure? At 

first sight, this failure could reflect the shortcomings of the continuum approach to dense 

granular flows. Nonetheless, several arguments can be given in order to support this 

approach and justify that for dense granular materials, the formulation of a constitutive 

equation in the form ΣΣΣΣ=F(D) is meaningful. (For granular media, the continuum assumption 

is a postulate commonly used, even if some particular circumstances challenge the ability of 

continuum models to completely describe the granular behaviour: for instance, some 

systems exhibiting significant stress fluctuations [50, 51].) First, the bulk strain-rate and 

stress tensors can be successfully defined as averages over a set of realizations or over a 

representative volume (namely a volume including a sufficient number of particles). The 

consistency of such averaging procedures is experimentally [52-54] and theoretically [55-

59] proved for a large range of media, whether they are (statistically) homogeneous or not. 

Secondly, it is possible (and usual) to treat granular media as single-phase media. Here, 

‘single-phase’ means that one considers a mixture of particles and fluid as an equivalent 

continuous medium. This assumption is realistic as soon as the interplay between the fluid 

and solid phases is either very weak or very strong (for an introduction of problems related 

to two-phase flows, see Batchelor [60]); a convenient way to estimate interactions between 

both phases is to examine Stokes’ number (as previously discussed in § 4.2.). Under the 

conditions above, the existence of a functional F linking the bulk tensors ΣΣΣΣ and D is 

ensured.  
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The reason why our experimental treatment leads to a paradox is more probably due to 

the role played by some peculiarities of the granular microstructure, which we have so far 

ignored. In the following, we try to show that a microstructural approach to granular flows 

is able to overcome the main issues raised by our experimental results. Most of the current 

models are based on a microstructural approach inspired by the kinetic theory of gases [23, 

42, 61] (it should be noted that phenomenological models have been proposed [62-66] and 

generally lead to similar constitutive equations). The primary microstructural models were 

based only on momentum transfers by collisions. As agreement with experiments was far 

from being complete [67, 68], more recent models have included a frictional contribution in 

the constitutive equation. Briefly, from a formal point of view, we can summarize all the 

various expressions proposed for the constitutive equation by writing the stress tensor as the 

result of three separate mechanisms [42, 68-70]: 

(39)  c k f= + +Σ Σ Σ ΣΣ Σ Σ ΣΣ Σ Σ ΣΣ Σ Σ Σ  

where ΣΣΣΣc, ΣΣΣΣk, and ΣΣΣΣf respectively denote the collisional tensor (transport of momentum by 

collisions between particles), the kinetic tensor (transport of momentum due to the random 

“thermal” motion of particles) and the frictional tensor (friction between particles at points 

of sustained contact). As the kinetic contribution is meant to rapidly decay when the solid 

fraction ν approaches the maximum packing concentration (0.6, say), it is usual to ignore it 

[42]. The collisional mechanism for granular materials is analogous to the molecular 

transport of momentum in liquids and is commonly expressed as a function of the strain-

rate tensor, the solid fraction, the “granular temperature” (related to the velocity fluctuations 

of the particles) and the radial distribution function (which is the distribution of angles of 

impact between particles) [41, 42]. At the macroscopic level, the frictional contribution 

gives a term similar to the yield stress in viscoplastic materials and it is usually independent 

of the rate of deformation. The yielding condition and the flow rule (which is assumed to be 

associated) are generally derived from the Coulomb law used in plasticity (for soil 

mechanics) [70]. Contrary to the kinetic and collisional tensors, the frictional tensor is 

deduced empirically. 

To sum up, in the current microstructural models for granular flows, there are three 

possible microstructural parameters, which can control the transport of momentum in Eq. 

(39) and induce anisotropy in the material properties: the granular temperature, the radial 

distribution function, and the solid fraction. It should be noted that the nature of these scalar 
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variables varies: the temperature is a kinetic parameter, the distribution function reflects the 

local geometric configuration of particles (and consequently gives information on the 

orientation of normal vectors at points of contact) and the solid fraction accounts for solid 

concentration. In the following, for convenience and making allowance for our experiments, 

we shall confine our attention to isochoric flows for which the solid fraction is assumed to 

be uniformly constant within the flow. This last assumption is prone to controversy, since it 

is sometimes argued that even very slight variations in solid fraction may lead to major 

changes in the stress magnitude. Anyway, even if this argument is relevant in our context, 

we think that the solid fraction cannot be retained conveniently as a control parameter and 

we prefer to resort to alternative microstructural parameters, which come closer to relate the 

variation in stress magnitude to the local configuration of particules (and indirectly account 

for changes in density). Moreover, owing to the considerable complexity of computation, 

most of the current models for granular flows have been obliged to disregard the anisotropy 

induced either by the granular temperature or by contact distribution. Here, we give two 

examples of models based on a single microstructural parameter, which, when applied to 

flows down inclined channels, lead to an apparent decrease in shear stress. 

 

5.2. Model with granular temperature as key-parameter 
The concept of granular temperature is often considered as the central ingredient in 

kinetic theories applied to granular flows [42]. Its introduction in rheological models (for 

granular flows) is largely motivated by the belief that the mean motion is controlled by the 

velocity fluctuations of particles. As the frictional-collisional models[11, 68, 70-72] 

generally lead to quite complicated equations of motion, which cannot be solved 

analytically, it is difficult to understand the actual role played by velocity fluctuations for 

particular flows.  

We can point out that an explicit solution for dense granular flows can be obtained using 

the model of Johnson et al. [11, 71], subsequently simplified by Anderson and Jackson 

[68]; this model is a slightly modified form of the kinetic model proposed by Lun et al. [73] 

for nearly elastic, smooth, identical, and spherical particles; major modifications include the 

introduction of a frictional contribution (derived from the phenomenological Coulomb law) 

and the assumption that the “thermal” motion of particles is negligible (in pseudo-thermal 

energy balance). Moreover, Johnson et al. have extended the work of Hui et al. [74] and 
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Jenkins and Richman [75] on the boundary value problem. Using heuristical arguments 

similar to those used by Hui et al., Johnson et al. derived the boundary conditions from 

force and energy balances for a volume of material in the vicinity of a solid wall; the 

particle-wall interactions embody friction and collisions. It is worth noticing that this 

formulation requires several ‘specularity’ parameters. Moreover, to ensure the consistency 

of their approach, the authors admitted that the bulk velocity was non-zero. In the 

simplified form of the Johnson’s model, Anderson and Jackson assumed that the solid 

fraction was roughly constant over the depth and the bulk velocity gradient was zero 

(except near the bottom wall). This model provides a discharge equation in the form: 

(40)  3/ 2 1/ 2Q H sinB θ=  

where B is a function of the solid fraction, the channel inclination and bottom velocity. In 

addition, the bottom velocity is found to be a decreasing function of H: 

(41)  U
tang
C

H θ
=  

where C is a function of the solid fraction. Making allowance for the asymptotic behaviour 

of the bottom velocity (for large flow depth), we prefer to ignore it in the following. Then, 

when using formula (35), Eq. (40) gives: 

(42)   
2 3

2

9 sin
4

B θΤ ≈
Γ

. 

From a qualitative point of view, this model seems to be in agreement with our 

experiments: among others, the shear stress is found to decrease as the shear rate increases. 

In this case, it may be shown that the apparent decrease in shear stress is due to the 

variation in granular temperature over the depth [68]. When compared to our experimental 

relation Eq. (35), the discharge equation (39) presents some differences: it largely 

understimates the influence of the channel slope whereas it slightly overestimates the 

influence of the flow depth. Moreover, the assumption of ‘locked flow’ (zero velocity-

gradient) was not been verified within our range of experiments.  

From a quantitative point of view, no direct comparison with our own experiments were 

possible, since the model of Johnson et al. resorts to several phenomenological parameters, 

whose values probably must be fitted, but unfortunately, Johnson et al. did not indicate any 

sketch of their derivation. 
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5.3. Model with non-uniform contact distribution 

Although in recent years, anisotropy in contact distribution has been shown by 

experimental [76], numerical [77, 78] and theoretical [79] results for a large range of shear 

flows, few constitutive equations for rapid granular flows account for it. As mentioned by 

Cheng [34] or Dent [80], a possible alternative to frictional-collisional models based solely 

on granular temperature involves explaining that shearing causes a change in the 

arrangement of particles (layering effect), which in turn affects the distribution of contact 

points and implies a significant variation in stress. In this respect, in the case of gravity-

driven flows down an inclined channel, we have recently proposed an ad hoc model: this 

model, based on momentum transfers via collisions and friction and allowing for contact 

angle anisotropy, accounts for the main features of our experimental results [81]. The shear-

rate dependence of the shear stress is found to be: 

(42)   sin cos (tan tan )T C θ θ θ φ−=
Γ

 

where C is a constant and φ the internal friction angle. The predictions of this simple 

model concerning the discharge equation are accurate to within 10% (for our data). 

 

5.4. Conclusion on frictional-collisional models 

It is worth noticing that both the above models, based on a constitutive equation in the 

form ΣΣΣΣ=F(D), result in a decreasing trend of shear stress, as the shear rate increases. Thus, 

they provide evidence that the paradoxical decrease in shear stress can be explained by 

constitutive equations, which include a single parameter reflecting changes in the granular 

microstructure. The question whether these models are able to account for the actual 

rheological properties of granular properties is not clear: the simple fact that two models 

based on different assumptions yield similar results, is rather troublesome and might 

suggest that agreement with experiments would be fortuitous, or at least, it conceals a more 

complicated reality. 
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6. Concluding remarks 

Our experimental results have apparently questioned the relevance of a simple 

constitutive equation in the form ΣΣΣΣ=F(D) for dense granular flows. A possible way for 

explaining this paradox consists in introducing some variables reflecting the microscopic 

behaviour. Here we have given two examples of models, which are able to predict an 

apparent decrease in shear stress: the former model emphasizes the granular temperature 

while the latter model is based on the non-uniformity of contact angles. Nonetheless, 

qualitative agreement of both models with our tests does not completely ensure that these 

models based on a single scalar microstructural parameter reflect the actual rheological 

properties of granular flows. 
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 Glass  Sand  

Mean diameter (mm), d 0.3 0.32 

d60/d10 1.2 1.6 

Internal friction angle (°), φ 27 36 

Particle density (kg/m3), pρ  2460  2650 

particle shape spherical rounded 

 

Table I 
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Figure Captions. 

 

Figure 1: Notation and sketch of the flow down an infinite plane inclined at an angle θ 

to the horizontal. 

 

Figure 2: Influence of the roughness for two particular cases: for glass bead flows, we 

plot the dimensionless flow depth H as a function of the dimensionless mass flow rate Q for 

four channel slopes: θ=27°, 28°, 29°, 30° and two roughness types. The former (referred to 

as ‘B’) was obtained by gluing beads of the same diameter onto the surface. The latter 

(referred to as ‘S’) was a sand paper made up of glued particles of diameter 0.2 mm. The 

critical mass flow rate Qc is also indicated. For steady uniform flows (namely for θ>27°) 

and for Q>Qc, the maximum relative difference between curves is about 8% (but reaches 

200% when Q<Qc). 

 

Figure 3: Schetch of observed flow patterns. Velocity profiles (full line) and density 

profiles (discontinuous line) are also roughly reported. The type of the flow regime is 

primarily controlled by the value of the channel inclination θ with respect to the internal 

friction angle φ. Here, ϕ1 and ϕ2 respectively denote the angle of flow start (no motion is 

possible below this angle) and the angle of saltation start; contrary to φ,  ϕ1 and ϕ2 are not 

intrinsic values of the material but depend on its mechanical characteristics and boundary 

conditions.  

 

Figure 4: For the glass bead sample, non-dimensional depth H is reported as a function 

of (dimensionless) mass flow rate Q for various channel slopes θ. For steady uniform flows, 

the discharge curves have a similar asymptotic behaviour (H varies linearly with Q). This 

asymptotic regime seems take place as soon as the mass flow rate exceeds a critical value 

(Qc), which is independent of the channel slope. This is particularly noticeable for θ=28° 

and 35°. Here, we found Qc=150±10. 
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Figure 5: For the sand sample, non-dimensional depth H is reported as a function of 

mass flow rate Q for various channel slopes θ. For sand, the reported values correspond to 

averages on several depth measurements. The value of Qc is found using the same remark 

as previously for the glass bead sample: Qc=80±10. 

 

Figure 6: For glass beads, shear stress is plotted as a function of shear rate computed 

using Eq. (34) with experimental data (see Figure 3) for different channel slopes. Each set 

of data is related to its corresponding slope θ. Slopes 25° to 27° stand for immature sliding 

flows. For slopes θ>28°, data represent steady uniform flows. 

 

 

 

Table Caption. 

 

 

Table I: Chief mechanical characteristics of particles used. We used samples of Hostun 

sand, which is often used in soil-mechanics experiments in France; its characterictics are 

given by [82, 83]. The internal friction angle of both materials was determined by way of a 

triaxial. For each sample, we performed three drained, non-consolidated tests at a 

compression rate of 0.4 mm/mn. The value of φ was computed from the stress limit 

(perfectly plastic friction angle). The value of φ indicated in Table I is the mean value of 

three measures performed with various initial density. 



25 

 

 

References: 

 

 

1. K. J. Hsü, ‘Albert Heim: observations on landslides and relevance to modern 

interpretations’ in  of Rockslides and avalanches,  edited by B. Voight, 71-93, Elsevier, 

Amsterdam, 1978 

2. P. Coussot and M. Meunier, ‘Recognition, classification and mechanical description 

of debris flows’, Earth Sci. Rev. (1995) 

3. T. Chu, ‘Experiments on granular flows to predict avalanche runup’, Can. Geotech. J. 

32, 285-295 (1995) 

4. K. Hutter, T. Koch, C. Plüss and S. B. Savage, ‘The dynamics of avalanches of 

granular materials from initiation to runout’, Acta Mech. 109, 127-165 (1995) 

5. R. L. Brown and J. C. Richards, Principles of Powder Mechanics, Pergamon Press, 

Oxford, 1966 

6. C. Truesdell, Rational Thermodynamics, 2nd, Springer Verlag, New York, 1984 

7. B. D. Coleman, H. Markowitz and W. Noll, Viscometric flows of non-newtonian 

fluids, Springer-Verlag, Berlin, 1966 

8. R. I. Tanner, Engineering Rheology, Clarendon Press, Oxford, 1988 

9. G. Astarita and G. Palumbo, ‘Non-newtonian gravity flow along inclined plane 

surfaces’, Ind. Eng. Chem. Fund. 3, 333-339 (1964) 

10. P. Coussot and S. Boyer, ‘Determination of yield stress fluid behaviour from inclined 

plane test’, Rheol. Acta 34, 534-543 (1995) 

11. P. C. Johnson and R. Jackson, ‘Frictional-collisional equations of motion particulate 

flows and their application to chutes’, J. Fluid Mech. 210, 501-535 (1990) 

12. J. S. Patton, C. E. Brennen and R. H. Sabersky, ‘Shear flows of rapidly flowing 

granular material’, J. Appl. Mech. 54, 801-805 (1987) 

13. G. Y. Onoda and E. Liniger, ‘Random loose packings of uniform spheres and the 

dilatancy onset’, Phys. Rev. Lett. 64, 2727-2730 (1990) 

14. K. Ridgway and R. Rupp, ‘Flow of granular material down chutes’, Chem. Process 

Eng. 51, 82-85 (1970) 



26 

15. T. G. Drake, ‘Structural features in granular flows’, J. Geophys. Res. 95, 8691-8696 

(1990) 

16. S. B. Savage, ‘Gravity flow of cohesionless granular materials in chutes and 

channels’, J. Fluid Mech. 92, 53-96 (1979) 

17. S. B. Savage, ‘Granular flows down rough inclined - Review and extension’ in 

Proceedings of U.S./ Japan Seminar on new models and constitutive relations in the 

mechanics of granular materials, Ithaca, 1982, edited by J. T. Jenkins and M. Satake, 

Elseviers Science Publishers, Amsterdam, 261-282 

18. M. Ishida and H. Hatano, ‘The flow of solid particles in an aerated inclined channel’ 

in  of Advances in the mechanics and the flow of granular materials,  edited by M. 

Shahinpoor, 565-575, Trans Tech Publications, Clausthal-Zellerfeld, 1983 

19. C. S. Campbell, ‘Boundary interaction for two-dimensional granular flows. Part 1. 

Flat boundaries, asymmetric stresses and couple stresses’, J. Fluid Mech. 247, 111-136 

(1993) 

20. C. S. Campbell, ‘Boundary interactions for two-dimensional granular flows. Part 2. 

Roughened boundaries.’, J. Fluid Mech. 247, 137-156 (1993) 

21. K. Craig, R. H. Buckholtz and G. Domoto, ‘Effect of shear surface boundaries on 

stress for shearing flow of dry metal powders - An experimental study’, J. Tribol. ASME 

109, 232-237 (1987) 

22. H. Ahn, C. E. Brennen and R. H. Sabersky, ‘Measurements of velocity, velocity 

fluctuations, density, and stresses in chute flows of granular materials’, J. Appl. Mech. 58, 

792-803 (1991) 

23. S. B. Savage, ‘The mechanics of rapid granular flows’, Adv. Appl. Mech. 24, 289-

366 (1984) 

24. V. T. Chow, ‘Open-channel Hydraulics’ (1959) 

25. C. S. Campbell, C. E. Brennen and R. H. Sabersky, ‘Flow regimes in inclined open-

channel of granular materials’, Powder Tech. 41, 77-82 (1985) 

26. A. Suzuki and T. Tanaka, ‘Measurements of flow properties of powders along an 

inclined plane’, Ind. Eng. Chem. Fund. 10, 84-91 (1971) 

27. P. G. Drazin and R. H. Reid, Hydrodynamic Stability, University Press, Cambridge, 

1981 



27 

28. B. D. Coleman, ‘Kinematical concepts with application in the mechanics and 

thermodynamics of incompressible viscoelastic fluids’, Arch. Rational Mech. Anal. 9, 273-

300 (1962) 

29. J. Schmittbuhl, J. P. Vilotte and S. Roux, ‘Dynamic friction of self-affine surfaces’, 

J. Phys. II 4, 225-237 (1994) 

30. J. R. A. Pearson, ‘Flow curve with a maximum’, J. Rheol. 38, 309-331 (1994) 

31. P. Coussot, A. I. Leonov and J. M. Piau, ‘Rheology of concentrated dispersed 

systems in a low molecular weight matrix’, J. Non-Newtonian Fluid Mech. 46, 179-217 

(1993) 

32. P. Coussot and J.-M. Piau, ‘A large-scale field coaxial cylinder rheometer for the 

study of the rheology of natural coarse suspensions’, J. Rheol. 39, 105-124 (1995) 

33. R. Mas and A. Magnin, ‘Rheology of colloidal suspensions: Case of lubricating 

greases’, J. Rheol. 38, 889-908 (1994) 

34. D. C.-H. Cheng, ‘Measurements on the effect of normal pressure on shear stress in 

the shearing of dense suspensions’ in Proceedings of Progress&Trend in Rheology, Séville, 

1994, edited by C. Gallagas, Steinkopff, Darmstadt, 453-472 

35. H. K. Kytomaa and D. Prasad, ‘Transition from quasi-static to rate dependent 

shearing of concentrated’ in Proceedings of Powders & Grains, Birmingham, 1993, edited 

by C. Thornton, Balkema, 281-287 

36. J. Mewis, ‘The thixotropy approach to time depency in rheology’ in Proceedings of 

Orleans, 1994, edited by Groupe Français de Rhéologie, 2-9 

37. P. Coussot and J. M. Piau, ‘A large-scale field coaxial cylinder rheometer for the 

study of the rheology of natural coarse suspensions’, Rheol. Acta 39, 105-124 (1995) 

38. T. G. Drake, ‘Granular Flow: physical experiments and their implications for 

microstructural theories’, J. Fluid Mech. 225, 121-152 (1991) 

39. M. Y. Louge, ‘Computer simulations of rapid granular flows of spheres interacting 

with a flat, frictional boundary’, Phys. Fluids 6, 2253 (1994) 

40. J. T. Jenkins and S. B. Savage, ‘A theory for the rapid flow identical, smooth, nearly 

elastic, spherical particles’, J. Fluid Mech. 130, 187-202 (1983) 

41. K. Hutter and K. R. Rajagopal, ‘On flows of granular materials’, Continuum Mech. 

Thermodyn. 6, 81-139 (1994) 

42. C. S. Campbell, ‘Rapid granular flows’, Ann. Rev. Fluid Mech. 22, 57-92 (1990) 



28 

43. U. Yilmazer and D. Kalyon, ‘Slip effects in capillary and parallel disk torsional flows 

of highly filled suspensions’, J. Rheol. 33, 1197-1212 (1989) 

44. S. C. Jana, B. Kapoor and A. Acrivos, ‘Apparent wall slip velocity coefficients in 

concentrated suspensions of noncolloidal particles’, J. Rheol. 39, 1123-1132 (1995) 

45. Davis, ‘Interaction of two suspended particles’ in  of Mobile Particulate Systems,  

edited by E. Guazelli and L. Oger, 39-56, Kluwer Academic Publishers, Dordrecht, 1994 

46. R. H. Davis, J.-M. Serayssol and E. J. Hinch, ‘The elastohydrodynamic collision of 

two spheres’, J. Fluid Mech. 209, 501- (1986) 

47. J. D. Goddard, ‘An elastohydrodynamic theory for the rheology of concentrated 

suspensions of deformable particles’, J. Non-Newtonian Fluid Mech. 2, 169-189 (1977) 

48. B. Cichoki and K. Hinsen, ‘Stockes drag on conglomerates of spheres’, Phys. Fluids 

7, 285-291 (1995) 

49. M. M. Benarie, ‘Rheology of granular material II-a method for the determination of 

the intergranular cohesion’, Brit. J. Appl. Phys. 12, 514-518 (1961) 

50. P. Evesque, W. Meftah and J. Biarez, ‘Mise en évidence de variations burtales et 

d’évolutions quasi-discontinues dans les courbes contrainte-déformation d’un milieu 

granulaire bi-dimensionnel de rouleaux’, C.R. Acad. Sci. Paris II, 316, 321-327 (1993) 

51. W. Meftah, P. Evesque, J. Biarez, D. Sornette and N. E. Abriak , ‘Evidence of local 

seisms of microscopic and macroscopic stress fluctuations during the deformation of a 

packing of grains’ in Proceedings of Powders&Grains, 1993, edited by Thornton, Balkema, 

173-178 

52. J. Lanier, M. Reynaud and G. Combe, ‘Étude des mécanismes de déformation d’un 

milieu granulaire bidimensionnel’ (1995) 

53. R. Gourves and F. Mezghani, ‘Micromécanique des milieux granulaires approche 

expérimentale utilisant le modèle de Schneebeli’, Rev. Franç. Géotech. 42, 23-34 (1988) 

54. N. E. Abriak and F. Parsy, ‘Étude d’un milieu granulaire. Passage du milieu 

discontinu au milieu continu : approche expérimentale’, Rev. Franç. Géotech. 65, 29-35 

(1993) 

55. G. K. Batchelor, ‘Transport properties of two-phase materials with random 

structure’, Ann. Rev. Fluid Mech. 227-255 (1974) 

56. B. Cambou, P. Dubujet, F. Emeriault and F. Sidoroff, ‘Homegenization for granular 

materials’, Eur.  J. Mech. A/Solids 14, 255-276 (1995) 



29 

57. R. Herczynski and I. Pienkowska, ‘Toward a statistical theory of suspension’, Ann. 

Rev. Fluid Mech. 12, 237-269 (1980) 

58. A. I. Murdoch and D. Bedeaux, ‘Continuum equations of balance via weighted 

averages of microscopic quantities’, Proc. Roy. Soc. London A 445, 157-179 (1994) 

59. C. Y. Wang and Beckermann, ‘Single- vs dual-scale volume averaging for 

heterogeneous multiphase systems’, Int. J. Multiphase Flow 19, 397-407 (1993) 

60. G. K. Batchelor, ‘A brief guide to two-phase flow’ in  of Theoretical and Applied 

Mechanics,  edited by P. Germain, J. M. Piau and D. Caillerie, Elsevier Science Publishers, 

North-Holland, 1989 

61. P. K. Haff, ‘A physical picture of kinetic granular fluids’, J. Rheol. 30, 931-948 

(1986) 

62. A. Berker and W. E. VanArsdale, ‘Phenomenological models of viscoplastic, 

thixotropic, and granular materials’, Rheol. Acta 31, 119-138 (1992) 

63. D. F. McTigue, ‘A non-linear constitutive model for granular materials: application 

to grvaity flow’, J. Appl. Mech. 49, 291-296 (1982) 

64. M. A. Goodman and S. C. Cowin, ‘Two problems in the gravity flows of granular 

materials’, J. Fluid Mech. 45, 321-339 (1971) 

65. M. Massoudi and G. Ahmadi, ‘Rapid flow of granular materials with density and 

fluctuation energy gradient’, Int. J. NonLinear Mech. 29, 487-492 (1994) 

66. R. Ocone and G. Astarita, ‘Grain Inertia and fluid viscosity dominated granular flow 

rheology: a thermodynamic analysis’, Rheol. Acta 34, 323-328 (1995) 

67. J. A. Bailard and D. L. Inman, ‘A reexamination of Bagnold’s Granular-fluid model 

and bed load transport equation’, J. Geophys. Res. 84, 7827-33 (1979) 

68. K. G. Anderson and R. Jackson, ‘A comparison of the solutions of some proposed 

equations of motion of granular materials for fully developed flow down inclined planes’, J. 

Fluid Mech. 241, 145-168 (1992) 

69. C. S. Campbell, ‘The stress tensor for a simple shear flows of a granular material’, J. 

Fluid Mech. 203, 449-473 (1989) 

70. R. Jackson, ‘Some features of the flow of granular materials and aerated granular 

materials’, J. Rheol. 30, 907-930 (1986) 

71. P. C. Johnson and R. Jackson, ‘Frictional-collisional constitutive relations for 

granular materials, with application to plane shearing’, J. Fluid Mech. 176, 67-93 (1987) 



30 

72. S. Abu-Zaid and G. Ahmadi, ‘Analysis of rapid shear flows of granular materials by 

a kinetic model including frictional losses’, Powder Tech. 77, 7-17 (1993) 

73. C. K. K. Lun, S. B. Savage, D. J. Jeffrey and N. Chepurnity, ‘Kinetic theories for 

granular flow: inelastic particles in Couette flow and slightly inelastic particles in a general 

flowfield’, J. Fluid Mech. 140, 223-256 (1984) 

74. K. Hui, P. K. Haff, J. E. Ungar and R. Jackson, ‘Boundary conditions for high-shear 

grains flows’, J. Fluid Mech. 145, 223-233 (1984) 

75. J. T. Jenkins and M. W. Richman, ‘Boundary conditions for plane flows of smooth, 

nearly elastic, circular disks’, J. Fluid Mech. 171, 53-69 (1986) 

76. K. I. Kanatani, ‘Distribution of directional contact and fabric tensors’, Int. J. Engng. 

Sci. 22, 149-164 (1984) 

77. C. S. Campbell and A. Gong, ‘The stress tensor in a two-dimensional granular shear 

flow’, J. Fluid Mech. 164, 107-125 (1986) 

78. O. R. Walton and R. L. Braun, ‘Viscosity, granular temperature, and stress 

calculation for shearing assemblies inelastic, frictional disks’, J. Rheol. 30, 949-980 (1986) 

79. G. Mandl and R. F. Luque, ‘Fully developed plastic shear flow of granular 

materials’, Geotechnique 20, 277-307 (1970) 

80. J. D. Dent, ‘The dynamic friction characteristics of a rapidly sheared granular 

material applied to the motion of snow avalanches’, Ann. Glaciol. 18, 215-220 (1993) 

81. C. Ancey, P. Coussot and P. Evesque, ‘Energy dissipation within dense granular 

flows down an inclined open channel’, Europhys. Lett. (1996) 

82. E. Flavigny, J. Desrues and B. Palayer, ‘Le sable d’Hostun’, Rev. Franç. Géotech. 

53, 67-70 (1990) 

83. L. Lancelot, I. Shahrour and M. Al Mahmoud, ‘Comportement du sable d’Hostun 

sous faible contraintes’, Rev. Franç. Géotech. 74, 63-74 (1996) 

 


